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The key requirement for the formation of a biaxial nematic phase is clearly biaxiality in the shape or interactions of the
constituent molecules. However, in addition to this feature mesogenic molecules are invariably flexible so that their
anisotropy and biaxiality can change. The orientational order of the system is also coupled to the conformational
distribution and this coupling may stabilise the biaxial nematic phase. Here a molecular field theory of nematics
composed of flexible biaxial mesogenic molecules is assembled from its essential elements. Of special significance is the
use of the variational approach employed by de Gennes to formulate a molecular field theory for uniaxial nematics.
This has the distinct advantage that it avoids the use of a pair potential of unknown reliability. Instead it requires the
identification of the dominant orientational order parameters for the phases involved. Invariants constructed from
these and an interaction supertensor then give the free energy for the system. This powerful variational approach has
been employed for the biaxial nematic phase composed of flexible molecules taking into account the relationship
between the interaction supertensors for the numerous conformers. The way now seems to be open to explore the
influence of molecular flexibility on the stability of the biaxial nematic phase for a molecularly realistic model.

Keywords: biaxial nematics; phase symmetry; flexible mesogenic molecules; molecular field theory; variational

approach

1. Introduction

The possible existence of a thermotropic biaxial
nematic phase was first appreciated by Freiser (/). He
realised that mesogenic molecules do not possess the
uniaxial symmetry normally assumed for them but that
they were more board-like. As a result such compounds
should form not only a uniaxial nematic phase but also
a biaxial nematic in which the minor axes of the mole-
cules as well as their major axes possess long-range
orientational order. To quantify his ideas concerning
the biaxial nematic phase Freiser developed a molecular
field theory for rigid biaxial molecules which, implicitly,
were taken to have Dy, point group symmetry. Very
quickly the concept was taken further theoretically,
again for rigid molecules (2—4). These theoretical ideas
were tested successfully with the aid of computer simu-
lations using model systems also for rigid molecules (5).
They showed that a nematogen formed from biaxial
molecules would exhibit a uniaxial nematic, Ny, fol-
lowed by a biaxial nematic, Ny, with the Ny-I transi-
tion being first order while the Ng—Ny, transition is
second order. In addition, at a unique value of the
molecular biaxiality there was a second-order transition
directly from the isotropic to a biaxial nematic phase. In
contrast to this burst of theoretical as well as simulation
activity, experimental attempts to provide the ultimate
test of Freiser’s predictions were slow to appear in
the literature. The first claim to have found a

thermotropic biaxial nematic phase was not published
until 16 years after its predicted existence (6). This was
then followed by other claims at fairly regular intervals
(7, 8) although it must be said that more detailed inves-
tigations, often using deuterium nuclear magnetic reso-
nance (NMR) spectroscopy, did not always
substantiate these initial claims (9, /0). More recently
there have been further claims for V-shaped molecules
(11, 12) and tetrapodes (/3) which appear to be some-
what stronger. However, very recent work has cast
doubt on the existence of a biaxial nematic previously
claimed for one V-shaped molecule (/4). A collage of
the molecular structures for some of the mesogens
thought to form thermotropic biaxial nematics is
shown in Figure 1. It is immediately apparent that
these molecules certainly deviate from cylindrical sym-
metry and so would be expected to form a biaxial
nematic. However, it might well be that the formation
of this elusive phase is blocked by the intervention of a
transition to a smectic or to a crystal phase (1, 18).
The other significant feature of these molecular
structures is that they are not rigid; indeed, this is a
feature shared with almost all nematogens. Their non-
rigidity often originates in the alkyl chains where the
rotation about the carbon—carbon bonds is relatively
unhindered. Such rotations do change the shape of the
molecule and hence its ability to form particular liquid
crystal phases. These changes are relatively small when
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the chains are attached to just a single mesogenic group.
In contrast, when the chains link mesogenic groups as in
liquid crystal dimers (7, 19, 20) and tetrapodes (/3) then
the change in shape and so in transitional properties are
expected, and are found to be far more dramatic. This is
certainly the case as far as the formation of uniaxial
nematic phases are concerned, where the coupling
between the orientational order and the conformational
distribution is significant. It is to be expected that this
coupling will also be important for the formation of the
biaxial nematic phase, especially since the conformers
are likely to differ in their biaxiality.

Our aim here is to construct a molecular field theory
of biaxial nematics composed of flexible molecules
which may then be used to explore the influence of
flexibility on the stability of biaxial nematics. In fact,
many of the elements of such a theory are already
available in the literature so that the primary task is to
assemble them in a consistent and coherent manner.
The most important part of the theory is to determine
the potential of mean torque experienced by a single
molecule or conformer resulting from its interaction
with the liquid crystal environment. This is usually
achieved from the anisotropic pair potential expanded
in a basis set of Legendre polynomials, modified sphe-
rical harmonics or Wigner functions, depending on the
molecular symmetry (27). This pair potential is then
averaged over the coordinates of one molecule to obtain
the potential of mean torque experienced by the other.
There is, unfortunately, a major problem with this
approach which relates to the slowness of convergence
of the series for the pair potential especially for mole-
cules with the complexity of liquid crystal dimers and
tetrapodes. However, de Gennes in the first edition of
his classic book described an alternative approach (22)
which he used rather effectively to provide an alterna-
tive derivation of the Maier-Saupe theory (21). In his
variational approach the dominant order parameters
are first identified and scalar invariants constructed
from them to give the internal energy. Then the free
energy is obtained using the singlet orientational distri-
bution function whose optimum form is identified as
that which minimises the free energy. This provides the
basis of the molecular field theory. The variational
approach given by de Gennes has the clear advantage
that it is easy to see how quickly the order parameters
converge and so avoids the difficulty with the uncertain
convergence of the expansion of the pair potential as
well as its functional complexity for flexible molecules.

This approach has been used to develop a molecu-
lar field theory for uniaxial nematics composed of
flexible molecules (23). The form of the potential of
mean torque was found to be in agreement with that
developed by Marcelja (24) although without making
some of the unsatisfactory assumptions in this theory.

Liquid Crystals 1297

Another essential element is clearly a theory for biaxial
nematics composed of rigid molecules and this has
been available since Freiser’s seminal work (7). More
recent derivations have been presented (25) one of
which is based on the variational approach (26). As
we shall see the combination of these two elements
leads to a theory for biaxial nematics composed of
flexible molecules whose solution is computationally
formidable. This numerical problem has been resolved
(27) for uniaxial nematics and at the same time this
solution allows the rather large changes in the interac-
tion coefficients with the conformation to be deter-
mined for a variety of models (28-30). The large
changes in the coefficients, often between discrete
values, are associated with the analogous variation in
the angles between the mesogenic groups. Such large
and discontinuous changes contrast with that of other
models developed to study, either theoretically (37) or
through simulation (32, 33), the influence of molecular
flexibility on the molecular anisotropy and hence on
the stability of the biaxial nematic phase. In one of
these studies the conformational energy is taken to
vary continuously with the angle between the rod-
like and disc-like mesogenic groups in a dimer (32)
while in a model for a V-shaped molecule the distribu-
tion of the intergroup angle and hence interactions is
taken to be Gaussian (31).

The layout of this paper is as follows. In the next
section we use rigid biaxial molecules to introduce a
number of facets of the model. The first of these
concerns the orientational order parameters needed
to characterise the nematic phases. The way in which
these can be used together with an interaction super-
tensor to construct the thermodynamic internal
energy is then discussed. Armed with this the orienta-
tional free energy is developed from the singlet orien-
tational distribution which at this stage is unknown.
Its optimal form is determined as that which mini-
mises the free energy subject to certain constraints.
The final part of this section deals with how the
adjustable parameters in the theory, which are the
components of the interaction supertensor, can be
related to the molecular structure. This proves to be
a challenging task which is only solvable, apparently,
with the aid of what seems to be a dramatic approx-
imation (27). The ideas encountered in Section 2 are
extended in Section 3 to include molecular flexibility
and the large number of conformers, often with sig-
nificantly different anisotropies, that this entails. It
also raises the problem of the conformational point
group symmetry and its influence on that of the
phase. This important issue is resolved by the dra-
matic approximation for the interaction supertensors
introduced in Section 2. The other special aspect of
the molecular field theory that emerges is how the
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conformational distribution changes with the orien-
tational order of the nematic phases and so with
temperature. The uniaxial nematic—isotropic transi-
tion can be located from the free energy. This
approach proves to be computationally difficult for
the biaxial-uniaxial nematic transition but by taking
advantage of the second-order character of this tran-
sition it is shown how it can be located via a bifurca-
tion analysis. Our conclusions are in Section 4
together with some ideas for future developments in
this significant area for thermotropic biaxial
nematics.

2. Basic theory for rigid molecules

Here we describe the basic features of the variational
approach, introduced by de Gennes to the molecular
field theory for nematics (22), by considering a system
of rigid molecules. The first step is to identify the
dominant orientational order parameters that charac-
terise the nematic phases formed by the system. For
uniaxial nematics these dominant order parameters
have been found to be the average of the second-
rank Legendre polynomial, <P,>, using techniques
such as neutron scattering (34), electron spin reso-
nance (ESR) spectroscopy (35) and Raman scattering
(36). This result is also supported by computer simula-
tion studies of the Gay—Berne generic model potential
(37). It seems likely that the second-rank order para-
meters will also be dominant for biaxial molecules in a
biaxial nematic phase. These second-rank order para-
meters can be described using averages of the second-
rank Wigner functions, D7, (2), where Q denotes the
Euler angles, «fv, linking the molecular and labora-
tory frames (38). Since p and m both take values from
-2 to 2 there are, in principle, 25 independent order
parameters, <D§m>. Here, the subscript p is associated
with the laboratory frame defined by the directors and
for a uniaxial phase only the order parameters (Dj,,)
are non-zero. The subscript m relates to the molecular
frame and for a molecule with D, point group sym-
metry only the order parameter (D}, ) is non-zero in a
uniaxial phase. By invoking the symmetry of the con-
stituent molecules and the phase it is possible to reduce
the number of the order parameters. By the symmetry
of the phase we mean that of the singlet orientational
distribution function f(2) (see (39)) and not the trans-
lational distribution.

Here, we shall take the molecules and the phase to
have Dy, point group symmetry which constitutes the
simplest but not the only biaxial nematic (40). For this
system the symmetry reduces the number of indepen-
dent second-rank orientational order parameters from
25 to just 4. These are

the remainder, with p or m equal to +1, vanish. The
second-rank order parameters for a system with D,
symmetry are real and related to averages over the
Euler angles by

>

{(3cos? B —1)/2),
/g sin ﬁcos27>

W= (V%
< /8 sin ﬁcos2oc> 2)
{

2
D20

(D3,) = ( (1/4)(1 + cos B) cos 20 cos 27

—(1/2) cos fsin 20 sin 2’y>.

The next step is to construct the thermodynamic inter-
nal energy, (U), from the dominant order parameters;
the form of this has to yield a scalar which is also real.
We are guided in this construction by the S-function
expansion of the pair potential which is also real and a
scalar (41). This expansion is given by

mm
U(Ql,Qz,a)r7 Zu'l‘nzllj LL’J Ql,Qz,wr) (3)
where %, (r) is a function of the intermolecular
separation, r, and depends on the molecular symmetry
and structure. The S-function is defined by

s (0, D, ) = (i)L-L’—J

(4)
X Z prL[}.}] DL pm’(QZ)CJP(w’)

where ; denotes the orientation of molecule 1 in the
laboratory frame, C,p(w,) is a modified spherical har-
monic and o, is the orientation of the intermolecular
vector, also in the laboratory frame. Since the inter-
molecular vector orientation or a function of it does
not occur explicitly in the molecular field theory we
project it out of the expression for the S-function
which leads to the reduced form

SPrb (1, Q) = (1) Dh, (Q)D",,, () (5)

and gives the interaction energy as
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U1, Q1) = >l (1) D5, (1) D", (). (6)

Here, the value of the 3j-symbol, (ULOO),
of (=)X7 /(2L + 1)"/? is used to scale the 1ntermolgc{1)1ar
coefficient, u} (r). This form for the pair potential,
which is a function of the relative molecular orientation,
suggests that a similar invariant can be constructed from
the second-rank order parameters for the thermody-
namic internal energy. We write this as

(U) = ~(Na/2) Y tam{ D} ) (D% ). ()

The tensorial coefficients, u,,,, are clearly not now
functions of the intermolecular separation, L has
been set equal to two because of the second-rank
nature of the dominant order parameters and the
redundant variables have been removed. We have
also introduced a minus sign so that the uy,, that
stabilise the ground state are positive. The factor of
2 1s included so that the notation in the final result is
consistent with that in other molecular field theories.
Finally, since (U) is the molar internal energy, the
Avogadro constant, Ny, is included.

Our aim is to determine the potential of mean
torque, U(Q2), for a molecule in the nematic phase;
this is related to the singlet orientational distribution
function, f(€2), which is as yet unknown, by

f(Q) = 0 exp{~U(Q)/ks T}, (8)

where Q is the orientational partition function. The
entropy is related to the many-body distribution func-
tion which in molecular field theory is a product of the
singlet orientational distributions for all particles (21);
the entropy can now be approximated by

S = —RJf(Q)]nf(Q) dQ. 9)
The molar Helmholtz free energy is then given by
~(Na/2) Y (D2, ) (D2, )
+ RTJf(Q)lnf(Q)dQ. (10)
The optimum form for the singlet distribution is
obtained by minimising the free energy with respect

to £(€2). This minimisation is subject to the constraints
that the distribution function is normalised

Jf(Q) Q=1 (11)

and that the orientational order parameters are related

to f(£2) by

Liquid Crystals 1299

|op@r@an~(0z,). a2

The variational process gives the potential of mean
torque as (26)

==Y (D} ) D%, (@), (13)

from which the equilibrium Helmholtz free energy can
be obtained as

A= (Na/2)y" uz,,m<D;m><D3pn> — RTQ, (14)

where the orientational partition function is related to
the potential of mean torque by

Q:Jexp{—U(Q)/kBT} dQ. (15)

The expression for the free energy from which the
behaviour of the nematic phase is calculated is espe-
cially complicated because it is given in its most gen-
eral form. Thus it depends on 25 order parameters and
15 independent components of the expansion super-
tensor, uy,,,. Both of these numbers can be reduced by
invoking the symmetry of the molecules and of the
phase. As we have seen, the Dy, point group symmetry
of the molecules and of the phase reduces the number
of independent order parameters from 25 to just 4 (see
(3,42)). In addition, the molecular D,;, symmetry can
be used to reduce the number of independent coeffi-
cients from 15 to just 3 (see (4/)). These are

U200
uzzo(Euzozzuzfzozuzofz) (16)

u222(5u22725u2722 Euzfzfz);

here the D,, symmetry of the molecule also ensures
that terms with m or n equal to 1 vanish. The molar
Helmbholtz free energy is then simplified to

AfuxoNa = (V)
(<R00>2+2<R20>2) + 47((Roo) (Ro2) + (Ra0)(R22))
+ 422 ((R2) +2(R»)’)
~T"InoQ, (17)

where the four functions, R,,(2), are symmetry-
adapted combinations of Wigner rotation matrices
(42):
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Roo () = Dgy(€Y),
Rn(Q) = [D5, () + D _,(2)]/2
Ry (Q) = [D3(Q) + D25(2)]/2 (18)
Ry (Q) = [D3,(Q) + D, ()
+ D3 5(Q) + D25 (Q)]/4;

their averages are identical to those given in Equation
(2). The relative biaxialities, v and 4, in the molecular
interaction coefficients are defined by

Y = U220/ U200 (19)

2% = uz uro (20)

and T* is the scaled temperature, kg7 /u00. The poten-
tial of mean torque used to calculate the orientational
partition function is

U(82) = — uz00[({Roo) + 27(Ro2)) Roo(€2) + 2(v(Roo)
+222(Ro2)) Roa () +2((Rao) + 2v(R22)) Rao ()
+4(y(Ro) + 277 (Ra2)) Raa ()] (21)

These results, both for 4 and U(2), have the same
form as those obtained by Straley (3) and much later
by Sonnet et al. (25). In these theories the starting
point was taken to be the pair potential for biaxial
molecules with D»,;, symmetry but restricted to just
second-rank terms. Such an expansion of the pair
potential seems unlikely to converge, especially in the
vicinity of the nematic—isotropic phase transition
(25-27).

The other important aspect of the variational
approach is the interpretation to be placed on the
expansion coefficients and their relationship to the
molecular structure. As we have seen constraints can
be placed on the coefficients according to the molecu-
lar symmetry (4/). However, their relationship to the
molecular structure is essentially ad hoc but even such
ad hoc connections are especially important when we
deal with a system containing many thousands of
conformations. In concluding this section on the the-
ory for rigid molecules we introduce some of the ideas
concerning the expansion supertensor which will be of
considerable value when we consider systems of flex-
ible molecules in the following section.

One of the early attempts to relate these tensorial
coefficients, u,,,, actually a tensor of tensors, to the
molecular structure was made by Straley (3). He
argued that the molecular anisotropy was related to
the volume excluded for one molecule by the presence
of another. The excluded volume depends on the rela-
tive orientations of the two molecules and this

orientational dependence was mapped onto the S-
function expansion given in Equation (6) for paralle-
lepipeds with dimensions L, B and W, along axes z, y
and x, respectively. The tensorial coefficients were
found to be proportional to the following functions
of these dimensions

uxo o {—2B(W?* + L*) = 2W(L* + B)
+L(W?* + B*) + 8WBL}/3,

uzmo o (L> — BW)(B — W) /6,

U x —L(W — B)?/2.

Clearly when B = W (< L) the molecule has Dy,
symmetry and so the second-rank biaxiality para-
meters necessarily vanish. Equally when L = W (>
B) the molecule again has Dy, symmetry and is plate-
like. However, without relabelling the molecular axes
the biaxiality parameters are no longer zero but take
values

U0 X —L(L — B)z/\/g

5 (23)

Urry X —L(L — B) /2.
Although the use of the excluded volume is an inter-
esting approach to the evaluation of the tensorial
coefficients it is not one that is readily applicable to
more realistic molecular shapes. However, it may be
possible to calculate the excluded volume for collec-
tions of spheres (43) which would be a significant
improvement.

Even with this development, evaluating the
excluded volume for truly realistic molecular shapes
is not yet possible, and so obtaining the tensorial
coefficients appears to demand what seems to be a
dramatic approximation which we now describe. The
interaction coefficients, uy,,, are tensorial properties
of a pair of molecules and our aim is to write them in
terms of tensorial properties of single molecules. This
is a familiar problem in the theory of intermolecular
forces; for example, the well depth, ¢4p, in the
Lennard-Jones potential for a pair of unlike molecules
is written as the geometric mean (sAAsBB)l/ 2 of the
well-depths for the interactions between like mole-
cules. This is known as the Berthelot combining rule
(44) and is found to work reasonably well. In addition,
the form of the pair potentials for specific intermole-
cular forces such as dispersion and electrostatic quad-
rupolar interactions (4/) are also consistent with the
Berthelot rule although this is of greater generality.
This rule has been extended to the coefficients uz,y,
(45) so that uyyg is written as the geometric mean
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Uxo = (uzoouzzz) 12 5 (24)

we return to the benefits of this approximation
shortly. For now we are more concerned with the
relationship to the single molecule properties and to
achieve this we note that the geometric mean combin-
ing rule is consistent with the separability approxima-
tion, namely

Umn = U2mU2n, (25)

where u,,, denotes a second-rank tensorial property of
a single molecule. With this approximation we are able
to define a molecular biaxiality rather than that in the
interaction supertensor. Thus, for the system with Dy;,
symmetry there is a single measure of the relative
biaxiality which is up/uyy and this is equal to 2
where, within the separability approximation, /> is
given by Equation (20).

There have been many suggestions as to which
property might best be used to determine the separate
tensorial coefficients. Clearly, it must be second rank
and should be related to the molecular shape and
anisotropy. In addition, it should be readily calculated
from a realistic and not just an idealised molecular
structure. The moment of inertia tensor satisfies
these requirements and has been used to explain the
properties of uniaxial nematics (46) but not always
successfully. This lead to the introduction of the sur-
face interaction parameterisation based on the princi-
ple that in a nematic, calamitic molecules will want to
align so that the director is parallel to as much of the
molecular surface as possible. This leads to the expres-
sion for the surface interaction tensor (30)

Tom _J CZm((U) dS, (26)
S

where o denotes the spherical polar coordinates of the
normal to the molecular surface, S, in a molecular
frame and Cy,,(w) is a second-rank modified spherical
harmonic. The surface may be defined in a variety of
ways including the exposed surface of van der Waals’
spheres centred on the nuclear coordinates of the
molecule or the Connolly surface (47) generated
from this, which seems preferable (48). The form of
the surface interaction tensor is readily determined for
simple objects such as a parallelepiped for which (30)

T20 0,8 L(B + W) - ZBW,
; (27)
T22 = T2,2 X — /2L(B — W)

and the interaction coefficients are

Liquid Crystals 1301

Ur00 < L*(B+ W)> —4WBL(B+ W) + 4B*W?,
U0 < \/3H[L(B— W)(L(B+ W)+ 2BW)),
Uxrp X (3/2)L2(B — I/V)z7 (28)

which resemble those found from the excluded
volume. There is, however, the major difference that
Uy determined from the excluded volume is not the
geometric mean of uyy and uyy, obtained from the
same source. Another approach to the construction
of molecular tensors used to predict the order para-
meters and transitional properties of mesogenic mole-
cules is to deconstruct them into their basic
constituents. For typical mesogenic molecules these
basic units were taken, initially, to be the mesogenic
groups and the C—C bonds in the alkyl chains (23, 24,
28). Subsequently, it was appreciated that the agree-
ment with experiment could be improved by the inclu-
sion of chords which link the mid-points of adjacent
C-C bonds in the chains (29, 49). Thus, the molecular
tensor is given by

Uym = Z u§m7 (29)
s

where s denotes a segment of the molecule and the
tensor components are expressed in a common axis
system set in the molecule. It is, however, more useful
to give the segmental components in a local axis sys-
tem fixed in the segment so that the molecular tensor is
given by

Uym = Z uEnDim(QS)v (30)

where 3, is the tensor in the segmental frame and €
denotes the Euler angles relating the segmental to the
common frame. The number of adjustable para-
meters, the u$,, in this model can become large
depending on the molecular complexity. To reduce
this number the segmental tensors are often taken to
have cylindrical symmetry so that the molecular tensor
u,, 1s given by

Um = Zuéoczm(ws); (31)

here wg denotes the spherical polar angles made by the
segmental symmetry axis in the molecular frame. This
approach also has the benefit of reducing the complex-
ity of the molecular field equations and their numer-
ical solution.

We now return to the geometric mean approxima-
tion and the simplifications this brings to the
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molecular field theory. It follows from the definitions
of the relative molecular biaxialities, v and 1> (see
Equations (19) and (20)), that v equals / in the geo-
metric mean limit. This allows us to write the potential
of mean torque in Equation (21) as

U(Q) = —uz00((Fu)Fu(Q) + 2(Fp)Fp(2)).  (32)

Now there are just two order parameters which are
combinations of the symmetry-adapted order para-
meters (see Equation (18))

(Fu) = (Roo) + 24(Ro2)

and

(FB) = (Rao) + 2A(R22). (33)

In the uniaxial nematic (Fy) is non-zero while (Fg)
vanishes; both order parameters are non-zero in the
biaxial nematic. The angular functions associated with
the order parameters are

FU(Q) = R()o(Q) + 2/1R02(Q)
and
Fp(Q2) = Ryo(Q) + 22R» (). (34)

The reduction in the number of order parameters from
four to two clearly facilitates the numerical analysis. In
addition, for this form of the theory the transition
from the biaxial to uniaxial nematic is found to be
second order (3, 4), which simplifies the location of
the transition via a bifurcation analysis (42).

3. Theory for flexible molecules

Here we use the variational approach, employed by de
Gennes for uniaxial nematics (22), to develop a mole-
cular field theory for biaxial nematics composed of
flexible molecules. The origin of the flexibility is gen-
eral but to fix our ideas we associate the conforma-
tional changes with the alkyl chains in the molecule.
The conformational states of the chains are ade-
quately described by the Flory rotameric state theory
(50), which means that there is a finite number of
discrete states. It is conceptually convenient to develop
the theory using such a discrete number of conformers
although it could be extended to deal with a contin-
uous set of states described by the torsional angles
within the chain. In the discrete model there is now a
set of second-rank orientational order parameters for
each conformer j; in general these are <D§m>i. We can
construct the molar thermodynamic internal energy

from these and this is taken to have a form analogous
to that for a multicomponent mixture of nematogens
(51). That is, there will be contributions from interac-
tions between identical conformers as well as different
conformers. Thus,

(U) = =(Na/2) Y pipitts, (D) (D2) + (39)

where p;is the relative amount of conformer j and i
is the tensorial interaction coefficient for conformers j
and k. Although the internal energy in Equation (35)
has the form expected for a multicomponent mixture
there is one significant difference between this system
and a collection of conformers. Since the conformers
are interconverting the system cannot undergo phase
separation (52) unlike the multicomponent mixture
which, since the transition is first order, can separate
into coexisting nematic and isotropic phases (53).

There is an additional contribution to the internal
energy which comes, in large part, from the conforma-
tional energy. This takes the form

(Ucont) = Na Z p.f”(fonf (36)

and controls, to a certain extent, the conformational
distribution, p;. There is, however, an additional con-
tribution from the scalar interaction, u , between the
conformers. For mixtures of rigid molecules this term
is not important because the concentrations of the
components in the isotropic and nematic phases are
the same. Of course, if the mixture undergoes a transi-
tion into coexisting nematic and isotropic phases,
necessarily with different compositions, then the sca-
lar interactions between the components will be of
significance for the coexisting phases. In general, how-
ever, when the mixture exists in a single phase the
composition does not change. Significantly, this is
not the case for systems with flexible molecules, as
the conformational distribution can change with the
orientational order of the nematic phases, which will
favour the more anisometric conformers (54). It does
not prove to be possible to allow exactly for the scalar
interaction energy, but, to a reasonable approxima-
tion, it can be included by using a dressed conforma-
tional energy, it (23). This is defined by

~J ]
Utonf = Ucon

g, (37)
based on approximating the mixed scalar interaction,
uly, by (ull + uk¥)/2. The total molar internal energy
that we need to construct the molar Helmholtz free
energy is then
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(Uanie) + (Ueont) = = (Na/2) S pipiadhy, (D3 )

2 ~
<D—pn> +N4 ijuf:onf' (38)
The entropy is also made of two contributions; one
comes from the singlet orientational distribution func-
tions for each of the conformers, f;(€2), and the other

from the conformational distribution function, p;. The
total molar entropy is

e

the conformational entropy or entropy of mixing
results because the p; change with the orientational
order of the nematics.

The molar Helmholtz free energy is given by

NA/2 ijpk 2mn<D127m> <D27pn>k

+ Na Z pfitconf

+RTZ{p]J

mﬂ)dﬂ+mmm} (39)

) Inf,(Q2)d< +pj1npj}.
(40)

The orientational distribution functions, f;(£2), and the
conformational distribution functions, p;, are all
unknown. However, their optimum forms can be
determined by minimising the free energy with respect
to both f;(Q2) and p,. This functional minimisation
must be performed subject to the constraints that the
distribution functions are normalised and that the
orientational order parameters are related to the dis-
tribution functions; that is,

J]‘]'.(Q) a0 =1,
> opi=1,
|2 an=(o3,). @

The singlet distribution functions, both orientational
and conformational, obtained in this way are

@) = 0 exp] (1/ksT) Yl (D2, ),0%, ()},

where the orientational partition function for confor-
mer, k, is
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O —JCXP{ 1/kgT) Zp, 2mn< pm> D%pn(sz)}dﬂ.
(43)

The conformational distribution is found to be

Pk =2~ eXp( conf/kB T) Ox, (44)

where the conformational-orientational partition
function is

Z= Z exp(—itson/kp T) Ok (45)

In the isotropic phase the orientational partition
functions are all equal and so the conformational
distribution is determined solely by the dressed con-
formational energy, @ .. In the nematic phase the
orientational partition functions, Qy, will differ and
the difference will increase with increasing orienta-
tional order; consequently the conformational prob-
abilities will vary, often significantly, with decreasing
temperature. The precise magnitude of this variation
will depend on the major tensor component for the
conformer, u’go, as well as its relative biaxiality, A,
but it is expected that the more anisometric confor-
mers will be favoured (54). It remains to be seen to
what extent the molecular biaxiality will couple to the
biaxial order of the phase and so enhance the fraction
of biaxial conformers and stabilise the phase. The
orientational ordering tensors for the conformers
are found from the singlet orientational distribution
function to be

(D2, ) =0y J D2,(9) u6)
Xexp{l/ks ij 2mn< > 7p"( )]dQ

which is a consistency equation for the components of
the ordering tensor. The Helmholtz free energy is
obtained from Equation (40) by substituting for the
distribution functions given in Equations (42) and
(44). Armed with these key equations it is possible, in
principle, to determine the orientational order para-
meters (see Equation (46)) and conformational distri-
bution (see Equation (44)) as a function of
temperature, to locate the phase transitions and deter-
mine their order (see Equations (40), (42) and (44)).
The equations are, however, tightly coupled and their
numerical solution for a significant number of confor-
mers is computationally demanding.

The problem is compounded by the fact that for real
mesogenic systems many, if not all, of the conformers
will have low symmetry. This implies that a range of
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biaxial phases will be formed (40) and that the most
stable of these will also have low symmetry. This view
is based on the reasonable conjecture that for such
systems the molecular symmetry will determine that of
the most stable nematic phase; above this phase,
nematics with higher symmetry may appear. In the
most intriguing or worst possible case this would mean
that 25 components of the ordering tensor, (D),
would be needed to define the orientational order,
even at the second-rank level. In addition, for interac-
tions between different conformers with C, syrnmetry
there are 25 independent expansion coefficients, u’2

When the conformers are identical but still have C]
point group symmetry there are fifteen independent
coefficients (47). With such a large number of indepen-
dent order parameters and expansion coefficients the
problem is certainly intriguing but numerically formid-
able. However, these problems can be removed if we use
the separability approximation for the coefficients, u,,,,.

By invoking separability we can write

Uppn = UpUoy) (47)

but because the u,, are second-rank tensors, their
Cartesian form can always be diagonalised since they
are both real and symmetric. In addition, because this
Cartesian tensor is traceless there are just two indepen-
dent elements which in irreducible tensor form are u,,
and u,,(=u,_,). The molecular tensor, in its principal
axis system, has the same form as if the conformer had
possessed D»y, point group symmetry. Accordingly, it is
also to be expected that the conformers will behave, as
far as their molecular field interactions are concerned,
as if they had D»;, symmetry (55). Then, for identical
conformers, there will be just three independent
coefficients iy, Uhyo(=uy_yy=uhy=uhy,) and
Wby (=1 =ub, ,=u , ,). When the jth and kth
conformers differ there are four independent coeffi-
cients; these are “]200’ g (Sthn0)s iy (Stdhy5),
Wy (Suty_y =ty =ity ). The D,y point group
symmetry, associated with the anisotropic molecular
interactions, will mean that there will be just a single
biaxial nematic phase which will also have D,;, symme-
try. Accordingly there will be just four independent
components for the ordering tensor of each conformer,
as listed in Equation (2). Armed with these considerable
simplifications resulting from the separability approx-
imation we now return to the potential of mean torque
implicit in Equation (42). This can be written for the
uniaxial phase in the simpler form

Uk(Q) = - Z <FU>mixtu12€nDén(Q)’ (48)

where the strength of the molecular field responsible
for the orientational order of the kth conformer is

<FU>mixl: ijuém<D%m>j' (49)

In view of the constraints on the ordering tensor (D2,,),
this composite order parameter may be written as

Fu )= D1 (%0<R00>‘/+2u£2<R02>/‘) (50)

and the potential of mean torque becomes
Uel9) = = [(Fu) i {ho Roo () + 205 Ry ()} - (51)

The two contributing order parameters for the kth
conformer in the uniaxial nematic are

(R = 05" | Rp() exp (7o) /)

X {”lzcoRoo(Q)“‘z”lz{zRoz(Q)}}dQ
and

(Rohi = 03* | Ral) exp [((F /M )

(52)
k k
x {dhy Rog(©) + 205, Rip() }] 42

In the numerical analysis based on these equations, the
ratio (F;) . /kgT is assigned a given value and the
order parameters for the kth conformer in the uniaxial
phase are calculated from Equation (52). To do this,
the principal components of the molecular tensor, u,
and u£,, are calculated from the geometry of the con-
former. In evaluating the order parameters the orien-
tational partition function, Q,, is obtained; this is then
used together with the dressed conformational energy,

ik ¢, to determine the conformational probability, py
(see Equation (44)). Armed with these results for all of
the conformers, the composite order parameter for the
system, (F;,) . ., can be calculated via Equation (50).
This together with the value for (F) . /kgT can be
employed to give the scaled temperature kBT/ u’200, for
which the order parameters and the conformational
probabilities have been calculated; the scaling coeffi-
cient, ub,, is conveniently chosen to be the largest,
that is, for the most anisometric conformer. The nema-
tic-isotropic transition temperature is then deter-
mined from the molar Helmholtz free energy which
is obtained from Equations (40), (42)—(45) as

A= (Na/2)(Fy). ~RTInZ. (53)

The composite order parameter, (F;,), . . for the uni-
axial nematic is defined by Equation (50) and Z is the
orientational-conformational partition function given
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by Equation (45). The individual orientational parti-
tion functions occurring in Z are defined by

O = JGXP [(<FU>mixt/kBT){”goRoo(Q)
(54)
+2u’;2R02(Q)}} dQ.

We now turn to the location of the transition to the
biaxial nematic phase. On entry to the biaxial nematic
phase with D5, symmetry, two new order parameters
are introduced for each conformer; these are (R3,),
and (R3,),, defined implicitly in Equation (18). Here
we have introduced a superscript 2 to emphasise that
they are combinations of second-rank Wigner func-
tions, since we shall encounter their fourth-rank coun-
terparts shortly. The potential of mean torque given in
Equation (51) for the kth conformer in the uniaxial
nematic was obtained from the more general potential
in Equation (42) by using the powerful separability
approximation. The same approach can be used to
determine the additional terms that appear in the
biaxial nematic. Now the total potential of mean tor-
que is

U(9) = = [(Fy )iy {10 R () + 264 R, ()}
— (20 (10 RR() + 205, R ()],
(55)

where (Fj) . is the contribution to the strength of
the molecular field resulting from the phase biaxiality;
this strength parameter is defined by

(Fi) = ij <”§0<R§0>_/+2%2<R§2>)~ (56)

The strategy employed previously to determine the
order parameters, conformational probabilities and
phase transition for the uniaxial nematic is not possi-
ble for the biaxial nematic. This is because the
strengths, (F;,) . and (Fy) . . of the two contribu-
tions to the molecular field in the biaxial phase depend
on different combinations of order parameters (see
Equations (50) and (56)) and so will vary differently
with temperature. In principle, it might be possible to
determine the values of the order parameters that
minimise the molar Helmholtz free energy which is

A= (Na/2)((Fy)t +2(Fp):. )= RTInZ, (57)

where the partition functions in Z now depend on
the biaxial as well as the uniaxial order. While
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this determination is certainly possible when the
number of conformers is relatively small, it is
numerically challenging for the large number of
conformers expected for many of the mesogenic
molecules of interest. We have, therefore, adopted
an alternative strategy which takes advantage of
the observation that for systems in which the
interaction coefficients are separable the transi-
tions to the biaxial nematic are second order (4).
The transition to the biaxial nematic can be iden-
tified, therefore, as the point at which the biaxial
order emerges continuously from zero; this tem-
perature is evaluated readily in the following man-
ner from molecular field theory. To determine the
biaxial order parameter or molecular field
strength, (Fj) . . for the mixture, we need the
biaxial order parameters for the various confor-
mers. These are given within the molecular field
theory by

(R2)= 0 JR%O(Q) exXp l:(<FU>mixt/kBT)
X {”lfoRéo(Q) + 2u’2‘2R52(Q)}
x (2<FB>mixt/kBT)

X {”lzcoRgo(Q) + zulzczRgz(Q)}} ds,

with an analogous expression for <R22>k. Since the
biaxial order is small in the vicinity of the transition
from the biaxial to the uniaxial nematic the part of the
Boltzmann factor involving (F,) . can be expanded
and truncated at the second term. This gives

(R3o)= (2<FB>mixt/kB T) o'
X J{uéoRgo(Q)Rgo(Q)
+ 2u5, R3, () R3, ()} (59)

X exp {((Fﬁmixt/kBT)

x {ubyR3 () + 2u§2R32(Q)}} dq.

The Boltzmann factor is now just that for the uniaxial
nematic and in this limit of low biaxial order the
orientational partition function, Q;!, may also be
approximated by that for the uniaxial phase. The
products of the R2 () functions can be written as
single R functions by using the product rule for
Wigner functions (39)
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D;,.()D;,(Q) = £C(22L; pq) C(22L; mn) D

qn p+q,m+n (Q)

(60)

to give a sum of single Wigner functions. Here
C(22L;pq) is a Clebsch-Gordan coefficient and L
takes values from zero to four. It is apparent that the
averages in Equation (59) taken over the uniaxial
nematic will yield order parameters of rank zero, two
and four; the odd rank averages will vanish because
the phase is non-polar. Combining the Wigner func-
tions we obtain

(Roo)i= ((Fp) it/ s T) {165 ((1/5)
—(2/T){(Ri), +(3/35)(R5y),) (61)
5 (4/ ) (R ) +(1/T)V/3/5(R3,),)}

where the functions R3,(€2) and RZ,(Q2) are defined in
Equation (18). The fourth-rank functions are given by

R}(Q) = D3, () = (35cos* p — 30cos® f + 3)/8,
R»(Q) = [Dpy () + Dp_(€2)]/2

(\/E/S)( 7cos* f+ 8cos® f — 1) cos 27,
R34() = [Dg4(Q) + Dy_4())/2

(\/%/16)(cos B —2cos® B — 1) cos4y. (62)

Similarly the other biaxial order parameter obtained in
the limit of low biaxial order is

<R§2>k: (<FB>mixt/kBT){2u§0((2/7)<R32>k
+ (1/14)3/3/5(R5,),) + 15,((1/10)  (63)
+ (1/70)(Rgo) ,+/1/70(Rg4) )}

From such order parameters we can construct the
strength of the biaxial molecular field as

14247
<FB>mixt: (< >m1xt/kB T)Zpl\uZOO{ T/Lk

—2+4); 8
+ <7k> (R§o)y + 7}“k<R32>k

3402 2 3 (64
+ (Tk> (Rgo) + 7 \/;;“k<R32>k

2
+\ 35 R -

The molecular field parameter (Fj) . can be can-
celled and we can remove one of the major uniaxial
interaction coefficients, iy, to scale the temperature

as we did for the uniaxial nematic. This gives

14222
kBT/u]ZOO - Zpk jk{ 5 £

—244)2
+ (%) (RSo)x

8 3+7;

+ 7'1k<R32>k + (T]> (Ro)x
2 /3,

T3 \/;/“k<R32>k

VLI (63

where ¢, is the ratio, ub, / ihy, of the uniaxial compo-
nents of the molecular tensor for conformers k and j.
The biaxial-uniaxial nematic transition occurs when
the scaled temperature is equal to the weighted sum of
the second- and fourth-rank order parameters evalu-
ated in the uniaxial nematic phase.

4. Conclusions

We have developed a molecular field theory for biaxial
nematics composed of flexible molecules, made more
convincing by the use of the de Gennes variational
approach (22). The theory is not specific to any particu-
lar origin of the flexibility but the most likely cause
would be conformational changes resulting from rota-
tions about the carbon—carbon bonds in the constituent
alkyl chains. These rotations will produce especially
large changes in the molecular anisotropy when the
chains link different mesogenic groups. The general ver-
sion of the theory is particularly complicated because the
conformers are of low symmetry, there is a large number
of them and biaxial nematic phases with Dy, C5;, and C;
point group symmetry may be formed (40).

These non-trivial problems have been removed by
assuming that the interaction supertensors can be
written as products of single molecule property ten-
sors. Since these are second rank they can be cast in
diagonal form and so, as far as the anisotropic inter-
actions are concerned, the conformers behave as if
they have Dy, point group symmetry. A variety of
properties can be chosen to construct the supertensor
using the separability approximation, but one that is
readily evaluated for realistic conformations is the
surface interaction tensor (30). This then allows the
interactions between the numerous conformers to be
calculated and employed in the determination of the
phase diagram. Whereas the NI transition tempera-
ture may be calculated directly from the free energy,
that for the Ng—Ny transition is obtained via a bifur-
cation analysis. This is non-trivial and requires that
the transition is second order. The use of the
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separability approximation will ensure that this is the
case provided that the conformational distribution
function does not undergo a discontinuous change as
it does for a highly specialised model uniaxial nematic
in which only two conformers are allowed, namely
linear and bent (52). The way now seems to be open
to use this simplified version of the general molecular
field theory to explore the formation of the biaxial
nematic phase by mesogenic molecules with signifi-
cant flexibility, such as dendrimers (/3), dimers (17,
19, 20) and a cyclic system (/6).

The theory that we have presented can be extended
in a variety of ways. The most important of these is to
remove the separability approximation; for example,
by relating the tensorial interaction coefficients to the
excluded volumes of pairs of conformers. This will
introduce a range of challenges, not least of which
will be the determination of the orientational order
parameters for all conformers from the molecular
field free energy or from the consistency equations.
An alternative variation to the theory would be to
simplify it by setting the minor orientational order
parameters, (R3,), and (R},),, for the conformers
equal to zero. This is equivalent to neglecting the
interaction coefficients, ! =~ and u ~which have
either m or n equal to zero; this would, in effect, extend
the Sonnet—Virga—Durand model (25) to flexible sys-
tems. Paradoxically, this simplification of the theory
for flexible mesogens would be expected to result in
richer phase behaviour with the possibility of tricriti-
cal behaviour at the Ng—Ny transition and direct
transitions from the isotropic to the biaxial nematic
phase, as found for a single-component rigid system
25).
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